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ABSTRACT
This paper presents a new technique to derive features
for images-that are translated, scaled equallyhnequally
and rotated. The problem is formulated using
conventional regular moments. It is shown that the
conventional regular moment-invariants remain no longer
invariant when the image is scaled unequally in the xand y-directions. A method is proposed to form momentinvariants that do not change under such unequal scaling.
The newly formed moments are also invariant to
translation, and reflection. However, it is not invariant for
images that are rotated. A neural network is trained to
estimte the angle of rotation and by using it invariant
moments for images that are unequally scaled, translated
and rotated are derived.. Computer simulation results are
also included to show the validity of the method
proposed.

1. INTRODUCTION
The automatic recognition of an object in a scene
regardless of its position, size and orientation is an
important problem in pattern analysis. A number of
techniques have been developed to derive features from
an image which are invariant under translation, scale
change and rotation [I-21. In particular, the invariant
properties of regular moments have attracted many users
to utilise them as pattern features in object recognition,
pattern classification and scene matching [3-51. Hu [4]
published his classic paper on pattern recognition by
deriving a set of regular moment invariants based on
combinations of regular moments using algebraic
invariants. Besides Hu, Bamieh and De Figueiredo [9]
derived another set of moment invariants using the theory
of algebraic invariants. The main characteristics of the
invariants formulated by Bamieh et.al is that the feature
vector size is much lower than any other known
invariants, which makes them computationally cheaper.
These regular moments are invariant to changes in scale,
shift, rotation and reflection.
The authors in [4] and [9] have shown that the moments
remain invariant when the scale change in the x and ydirections is equal and the derived features have been
used for pattern classification of ship [5] and other
applications 16-81. In some of the applications the scale
change in the x- and y- directions i~ not equal. This
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maybe due to the digital nature of the imagery
undersampling and digitizing effects, Or PO
image itself in comparison with the standard image has
unequal scale change in the x- and y- directions. So,
when the image is an elongated or compressed version of
the original image, as illustrated in Figs. (la) and (lb),
then these moments do not remain invariant.
We have formed moment invariants that are invariant to
unequal scaling in the x- and y-directions based on the
regular moments [8]. However, they are only invariant to
scale, translation, and reflection. If the scaling constants
for the x and y-directions are equal then rotation
invariance can be achieved by combining the moments
based on the theory of algebraic invariance as shown in
[4].Rotation invariance can also be achieved by knowing
the angle of rotation and using the relationship between
the rotated image and its original form. The angle is
computed by using the principal axis method [7]. This is
done by using the second order moments. However, this
method cannot be used for images that are unequally
scaled because the angle of rotation is dependent on the
equal scale change in the x- and y-direc

To overcome this pr
network trained to
back-propagation learning algorithm is used in training
the neural network [lo]. The neural net is presented with
second order moments of some of the unequally scaled
images and are tested with the remaining images. The
scaling constants for the x and y-directions are between
0.8 and 1.2 and the images are rotated through 0", 30",
60°, 150°, 180", 225" and 300".
2. BASICTHE
Figure l(a) shows an o
shows after it is shift
y directions. The c
defined as :

for p,q = 0,1,2,..........
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(1)

a

In this paper we limit ourselves to binary images. For
bin ry images f(x,y) is either 1 or 0. Assume the region
of interest to be evaluated is defined as follows :

for p,q = 0,1,2,.....

(2)
Evaluating further (8), the central moments can be
expressed in terms of the original as

t

If now

Fi . I(a):Original image f(x,y). and (b) Unequally scaled
an shifted.image of (a)

-

U p , is evaluated for the unequally scaled image

in Fig. l(b) and expressing in terms
image, we get

of the original

to translation, one can

-

In the above equation the sign ‘ ‘ denotes the moments
formed for the unequally scaled image. It is evident from
(IO) that when a =
fi, is same as q,, thus

-

and y are the coordinates of the centroid given

p,

giving us moments which are invariant. The authors in
[4-71 have all used a =
in solving their problems.
Earlier, we have proposed a technique to make it
invariant when a #
[8]. However, in [8], p and q
must be greater or equal to 2. In this paper, there are no
restrictions on the values of p and q can take. In order to
form moment-invariants when a # , we cosider the

p

(4)

-

p

-

Sdlving for X and y and substituting them into (3) gives

p

following

s

Y,, =-

(5)

“i.

=[

p+l

+...+c;(x2- X I )

(:
--(XI

for p,q = 0,1,2,3 ,.....

(1 1)

77p+l.q+l

U ing the binomial expansion, (5) can be expressed as
(x* - XI ) P + l

77 PY

and

+x2)

j’]

x

-

Y,,

- 77, 7for p,q
-

= 0,1,2,3 ,.....

(12)

rlp+l,y+l

‘

-

where once again ‘ ‘ refers to moments evaluated for
unequally scaled image as shown in Fig. I(b).
Substituting (10) into (12), it is evident that ypY
= yp, ,

b

(6)
T ese moments are made invariant to scale change as
pr posed in [3] by

p P4
vpq=(p+g)

for p,q = 0,1,2 ,... giving us moment
.
invariance even when a

+p

(7)

unequally scaled image in Fig. l(b).
the expansion in the x and y direction to be a
The central moments can be defined
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obtaining exact invariances for each column is that the
image function is digital rather than continous.

3. COMPUTER SIMULATIONS
The images shown in Table 1 were drawn onto a 256x256
grid. The image '4 ' depicted in Fig. l(a) was considered
and the moments for this were evaluated and tabulated in
row 2 of Table 1. Similarly, the moments for the
unequally scaled and shifted image shown in Fig. l(b) for
various values of a and were evaluated. These results
are again tabulated in rows 3 to 7 of Table 1. The close
agreement obtained in each of these columns verify the
correctness of the proposed technique. The reason for not

Since in the foregoing analysis, no assumption was made
regarding the values that a or
may assume, we may
allow them to become negative. This evidently treats the
appropriate mirror reflections. The results are tabulated i n
Table 2. Once again, the constancy of values obtained i n
each of the columns demonstrate the validity of the
proposed schemes.

p

p

Table 1:

Scale
a=1.o

Scaled invariant features for equally and unequally scaled images.
id y- directic respecti vel y .
image

a and

p

correspond to scale change in the x-

5

Y20

Yo2

Y11

3.5777

2.2286

1.7794

0.4785

1.1780

2.4226

1.0734

3.5576

2.2220

1.7750

0.4710

1.1742

2.3693

1.0697

p=1 .O

a = i .o
p=0.8
a=1.2
p=0.8

3.5957

2.2455

1.7924

0.4733

ad.8
p=1.2

3.5354

2.1974

1.7562

a=1.2

3.6156

2.2523

3.6289

2.2568

p=1

I 1 1
L

1.1854

2.3649

1.0807

0.4796

1.1638

2.4704

1.0594

1.7968

0.4809

1.1892

2.4171

1.0844

1.7998

0.4859

1.1917

2.4529

1.0869

.o

ay1.2
p=1.2

Table 2:
images

Moments of the images obtained by reflection. Rows 1,2,3, and 4 refer to the moments for the original
about x-axis, about y-axis and both es res ectivel .
reflection
703
Yo2
711
Yzo

q-?

1

8.5638

1.2819

0.4617

8.5638

1.2819

0.4617

8.5638

1.2819

0.4617

8.5638

1.2819

0.4617
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6.6871

7.6125

2.1030

I
-

7
6.6871

7.6125

2.1030

6.6871

7.6125

2.1030

6.6871

7.6125

2.1030

4. ROTATION PROPERTY AND NEURAL

NETWORK
T l e new regular moments, y, are invariant under change
of size, translation and reflection. They are not invariant
to rotation and it is easily seen why it isn't when
elapressed in the polar form. We assume the coordinate
origin has been chosen to coincide with the image
centroid. The moments,

1

% , in the polar form is

for p,q = 0,1,2 ,.........

(13)

and y = r sin 8 and the Jacobian of the

i

N w, consider the image has rotated through an angle @. If

f, the relationship
b tween the original and the rotated image in the same
p lar coordinates is
t e rotated image is denoted by

f(r, 6)= f (r, 8 - I$)

A neural network is trained to generate the angle of
rotation for each one of the images shown in Figure 2. The
neural network shown in Figure 4 uses only the second
order moments as inputs and the target value of each
image are determined by Eq. (17). The neural network is
tested with images as shown in Figure 5 have scaling
constants between 0.9 and 1.2. The results are tabulated in
Table 3.
By knowing how much an image has rotated from its
original form and by using Eq. (18), only the
unequal/equal scaling constants in the x- and y-directions
are left to be eliminated. This is eliminated by using Eq.
(1 1).

(14)

of variable cp = 8 -4, the moments for the
image, n$q,is

where

can be seen in Eq. (15), the angle of rotation is used in
ttie moments when an image is rotated. By
the moments based on the theory of algebraic
rotation invariance can be realized [4].
this technique is only applicable when the scale
nges in the x- and y- directions are equal.

mz

is the new regular moment that is invariant to

rotation. Table 3 shows the results of the images shown in
Figure 5 and six rotated versions with rotation angles of
30", 60", 150°, 180", 225" and 300". The mean value for
each angle of rotation is also tabulated. The sample mean,
p, sample standard deviation, (T, and dp%, which
indicates the percentage spread of the hpq values from the
corresponding means are also indicated. The reason for
not obtaining the exact invariances is the discrete form of
the image function rather than being a continuous one.
5.

i

relationship between the original image,

% , and the

r tated image JI$, , can be established by expanding Eq.
( 5) and expressing it in terms of the moments of the
o iginal image. If the image rotates through an angle @, the

oments change according to

angle of rotation, @, is determined by using the
of axis method which uses the second order
oments [7]. The angle of rotation, is computed from

+,

I
$ = -tan-'
2

I

However, the angle of rotation is significant only when the
scale changes in the x and y-directions are equal. Figure 2
shows an example of a class of image numeral 2 that uses
different scaling constants. The angle of rotation for each
image "at rest" shown in Figure 2 is different though the
images belong to the same class. Figure 3 shows an
example of an image in Figure 2 that has been rotated.

2m11
m20

- m02
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Conclusion

The regular moments, besides invariant to translation,
rotation and reflection are only invariant to scale if the
scale changes in the x- and y-directions are equal. In this
paper, we have proposed a new method the new regular
moments are invariant to unequally/equally scaled,
translation and reflection. However, they are not invariant
to rotation. To solve this problem a three layered neural
network is trained with second order moments to generate
the angle of rotation. By using the angle obtained from the
neural network and using Eq. (18) a set of moment
invariants for second and third order is derived for images
that are unequally scaled, translated, and rotated. The
results are shown in Table 3. Though exact values are not
obtained the technique of using a neural network to
generate the angle offers a solution to solving images that
are unequally scaled and rotated. Preliminary
investigation about the performance of this method in T E
presence of noise shows the method is promising.

..

2 222222
Fig.3:

Numeral 2 rotated through 0", 30°, 60", 150", 180°, 225" and 300".
n

Fig. 4. Neural network model to estimate the angle 4

~

Fig 5:

Numeral 2 with varying scaling constants between 0.9 and 1.2
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