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Abstract

The nonlinear dynamics of an Airy beam in a saturated medium is presented. An analytical
expression for the evolution of the Airy beam width in the root-mean-square sense is
derived. The novel features of the collapsing beams of an Airy beam in a saturated medium
are demonstrated by numerical calculation. These collapsing beams shift laterally and are
the main property of the Airy beam. However, the collapsing beam in the major lobe of an
Airy beam tends to shift in the opposite direction for conservation of the beam centroid. The
location and evolution of the collapsing beams depend strongly on the initial powers. The
peak intensities of the collapsing beams oscillate at almost the same intensity in the saturated
medium, regardless of their initial powers. These results are useful for manipulating nonlinear
wave collapse and multi-filamentation.
Keywords: saturated medium, Airy beam, collapsing beam
(Some figures may appear in colour only in the online journal)

1. Introduction

effectively control and manipulate optical field collapse and
multi-filamentation.
The Airy beam has attracted immense interest since the
first experimental generation of Airy beams by Siviloglou
et al [9] due to its unique features such as diffraction-free
and transverse acceleration [10], self-healing [11] and potential applications [12–15]. Most work has been performed
under paraxial conditions. Recently, nonparaxial Mathieu
and Weber accelerating linear case beams have been demonstrated. As generalized nonparaxial accelerating beams,
nonparaxial Mathieu and Weber accelerating beams certainly
provide greater possibility for launching and controlling the
desired beam trajectories [16]. In our previous works [5, 17],
the occurrence and control of the collapse of an Airy beam
and a vortex Airy beam in a focusing Kerr medium were
investigated. The use of a nonlinear medium with strong saturation and no collapse (filamentation) was recently considered as well [18]. To the best of our knowledge, the nonlinear
dynamics of an Airy beam in a saturated medium [19–23]
have not been studied in detail. In this work, we study the
nonlinear dynamic behaviours of a coherent Airy beam in a

Nonlinear wave collapse has been investigated in many areas
of physics, including optics, fluidics, plasma physics and
Bose–Einstein condensates [1, 2]. In particular, the collapse
dynamics of an optical field has attracted significant attention due to the complex and universal phenomena associated
with the process [3]. Collapse dynamics and filamentation
of some novel optical beams such as vortices, Airy beams
and ultra-short laser pulses have been investigated both theoretically and experimentally in numerous contexts [4–7].
The beams undergo collapse in a transparent self-focusing
medium when the input power surpasses a certain critical power. If the initial power is very high, other nonlinear
effects that give rise to modulation instability such as higherorder nonlinearity, self-steepening and self-phase modulation should be considered. Higher-order processes such as
plasma generation halt beam collapse, which breaks the
beam up into multiple filaments [1–3]. The spatial dynamics
of multiple filaments and their interaction have been demonstrated [8]; however, it still remains a challenging task to
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medium with a ‘soft’ nonlinearity saturation as demonstrated
in [23]. As the initial power increases, energy tends to accumulate in the beam centre due to the effect of self-focusing
nonlinearity. Higher initial power leads to more collapsing
beams appearing at the outermost lobes. Furthermore, these
collapsing beams shift laterally as a result of the spatial profile of the Airy beam. On the other hand, the collapsing beam
in the major lobe of an Airy beam tends to shift in the opposite direction for conservation of the beam centroid. The peak
intensities of the collapsing beams oscillate at almost the
same intensity in the saturated medium, regardless of their
initial powers. These results provide an effective approach
for tailoring the collapsing beams and multi-filamentation in
an Airy beam.

By taking an Airy beam as an initial field distribution [9],
we have
E (x, y; z = 0) = A0 Ai (x / x 0 ) Ai (y / y0 )

exp (axx / x 0 + a yy / y0 )

where A0 is the amplitude of the complex amplitude E(x, y,
z = 0) and x0 is an arbitrary transverse scale. Exponential factors ax and ay are set as positive volumes to ensure the finite
energy of the infinite Airy tail in the x- and y-directions,
respectively. When H(z) = 0 (see equation (6)), the rms beam
width becomes constant, which indicates competition among
the third-order self-focusing effect, the fifth-order defocusing
effect and the diffraction effect. If the higher order nonlinear
effect is neglected (i.e. n4 = 0), the critical power of the Airy
beam in a Kerr medium required for the optical field to collapse, Pcr, can be obtained from equations (2)–(7) as [17]

2. Theoretical formulation
The nonlinear dynamic behaviour of an Airy beam in a saturated medium can be described by a two-dimensional (2D)
nonlinear Schrodinger (NLS) equation with a focusing cubic
nonlinearity and a fifth-order weak defocusing nonlinearity as
follows


∇⊥2 E − 2ik

2n k 2
∂E 2n2k 2 2
E E− 4 E4E=0
+
n0
n0
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P (z ) =

∬s

E 2 dx dy

and the Hamiltonian
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4k 2

⎡
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(1)
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(3)

An additional invariant required by the NLS during evolution
is the centroid.


I0,0 (z ) =

∬s (x + y) E 2 dx dy .

(4)

The beam width in the root-mean-square (rms) sense can be
defined as


W (z ) =

∬s (x

2

+ y ) E dx dy,
2

2

W (z ) = W (z = 0) +

dW (z = 0)
z + 4H (z = 0) z 2 .
dz

ax + a y
16ax2a y2K0 ( 2ax3 ) K0

( 2a y3 ) exp ( 2ax3 + 2a y3 )

PcrG

(8)

3. Numerical results and analysis

(5)

In this work, the 2D NLS equation is numerically solved by a
split-step finite-difference method [27–29] that combines the
split step beam propagation method with the finite-difference
method for the nonlinear and diffractive terms. Let us take
λ = 0.53 μm and x0 = y0 = 10 μm and z0 = kx02/2 = 0.6 mm
and n4 = 0.05n2. The intensity distributions of the Airy
beam in the saturated medium with various initial powers at

and solutions of the NLS equation satisfy the following relation [5, 24]:


Pcr =

where PcrG = 2πn0/(n2k2) is the critical power of a Gaussian
beam. Equation (8) clearly indicates that the critical power
of a vortex vector beam depends only on the profile of the
Airy beam, which is related to the beam parameters ax and
ay. In this case, competition exists between the self-focusing
Kerr effect and the defocusing effect of diffraction to determine the critical power of the Airy beam. When the initial
power equals the critical power, the beam rms width remains
invariant. This implies total balance between the self-focusing
Kerr effect and the defocusing effect of diffraction. As initial
power exceeds critical power, the beam rms width decreases
and goes to zero at a finite propagation distance, followed by
a global collapse. Nevertheless, the evolution of the beam in
each position and the occurrence of partial collapse during
propagation cannot be determined accurately, especially for
an irregular beam such as the Airy beam. In general, partial
collapse occurs in a certain position before the total rms beam
width approaches a constant value. Partial collapse may also
occur before the total rms beam decreases and eventually goes
to zero as initial power reaches and exceeds critical power [25,
26]. It is rather complicated to predict the appearance and evolution of collapsing beams in a saturated medium due to the
co-existence of the third-order self-focusing effect, the fifthorder defocusing effect and the diffraction effect. The appearance and evolution of the collapsing beams in each position
during propagation in the saturated medium can be studied
only numerically, which is discussed in the following section.

where ∇⊥2 = ∂ 2/∂x 2 + ∂ 2/∂y 2 is the transverse Laplacian, k is
the linear wave number, z is the longitudinal coordinate, n0
is the linear refraction index of the medium, n2 is the thirdorder nonlinear coefficient and n4 is the fifth-order nonlinear
coefficient. Note here that fifth-order Kerr nonlinearity has
been added in the NLS equation to capture the beam collapse
and allow propagation of the beam through the collapsing
point [8, 23].
Two important invariants of the NLS equation are the beam
power


(7)

(6)
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Figure 1. The intensity distribution of an Airy beam (ax = ay = 0.1) at different propagation distances with initial powers Pin = 0.01
Pcr = 0.2PGcr in a saturated medium. The dashed line in the first plot indicates the position of the longitudinal cross section. The middle
plot indicates the evolution of intensity distribution in the longitudinal cross section during propagation and the bottom plot shows the
normalized peak intensity as a function of the propagation distance.

different propagation distances are shown in figures 1–4. All
intensity distributions have been normalized to their initial
peak intensity. Diffraction and the spatially variant nonlinear
refractive index resulted from the third-order self-focusing
effect and the fifth-order self-defocusing effect, leading to a
redistribution of the intensity in the Airy beam. In order to
obtain a good understanding of the collapsing beams in the
Airy beam, we simulate the nonlinear propagation of the Airy
beam in a saturated medium with three different initial powers: (i) Pin << Pcr, (ii) Pin >
∼ Pcr and (iii) Pin >> Pcr. The intensity redistribution in the Airy beam and the appearance and
evolution of the collapsing beams are studied and discussed.
We first look at the case (i) with initial powers Pin = 0.01Pcr
= 0.2PGcr (Pin << Pcr). When the initial power Pin is much
lower than the collapse power Pcr of an Airy beam, the propagation behaviour of an Airy beam in a Kerr medium is similar
to that in a free space, as shown in figure 1. This is expected
because the nonlinear behaviour of the Airy beam (such as
the third-order self-focusing nonlinearity and the fifth-order
defocusing nonlinearity) is very weak at low input power. In

this case, the saturation term is negligible compared to thirdorder Kerr nonlinearity due to the low input power (i.e. the
fifth-order defocusing nonlinear term can be ignored as recognized in equation (1)).
As initial power increases, more energy accumulates in
the beam centre due to the self-focusing effect. Upon further
increases of initial power, the saturation term (i.e. the fifth
order defocusing nonlinearity in equation (1)) begins to play
a defocusing role to resist further focusing. The peak intensity
in the beam centre oscillates during propagation. Figures 2(a)
and (b) show the propagation of an Airy beam with Pin = 2.5Pcr
= 50PcrG and Pin = 5Pcr = 100PcrG in the saturated medium,
respectively. From figures 2(a) and (b) show a collapsing
beam occurring in the major lobe of the Airy beam. Several
collapsing beams with very short propagation distances also
appear at the outermost lobes. These collapsing beams shift
laterally as a result of the Airy beam (see figures 2(a) and (b)).
However, the collapsing beam in the major lobe of the Airy
beam shifts in the opposite direction to ensure the invariance
of beam centroid. This is because the lateral-shift effect of the
3
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Figure 2. The intensity distribution of an Airy beam in a saturated medium with (a) Pin = 2.5Pcr = 50PcrG and (b)Pin = 5Pcr = 100PcrG

for three different propagation distances. The r/x0 versus z/z0 plot in (a) and (b) indicate the evolution of intensity distribution in the
longitudinal cross section during propagation. Vertical lines (red) in the r/x0 versus z/z0 figures represent the intensity at the propagation
distance of (i), (ii) and (iii). The corresponding collapsing beams in the longitudinal cross section are labelled in the figures.

Pin = 2.5Pcr = 50PcrG and (b) Pin = 5Pcr = 100PcrG. The oscillating normalized peak intensity indicates intensity redistribution and the formation of multiple collapsing beams during
propagation. Note here that the peak intensities in figure 3 and
figure 4(d) have been normalized to their initial peak intensity
for convenience of calculations. Here, Icr denotes the initial
peak intensity of the Airy beam with initial power Pin = Pcr. In
the present work, the initial peak intensities in figure 3(a), figure 3(b) and figure 4(d) are normalized to 2.5Icr, 5Icr and 10Icr,
respectively. It is worthwhile to mention that the peak intensities of the collapsing beams oscillate at almost the same value
~7.5Icr, regardless of the initial powers. The results indicate
that the oscillations of these collapsing beams in saturated
medium are independent of each other. Each collapsing beam
exhibits individual collapsing behaviour.
Finally, we consider the case of an Airy beam propagated
in a saturated medium with Pin >> Pcr. Figure 4 shows the
intensity distribution of an Airy beam in a saturated medium
with Pin = 10Pcr = 200PcrG for different propagation distances.
If the initial power is considerably high (i.e. the peak intensity exceeds the saturating intensity in the saturated medium),
the peak intensity initially decreases because the fifth-order
defocusing effect prevails over the third-order focusing effect
under a high input power. More collapsing beams occur in the
Airy beam and these collapsing beams also shift laterally as
shown in figure 4.
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Figure 3. The normalized peak intensity as a function of the
propagation distance with different initial powers: (a) Pin = 2.5 Pcr =
50 PcrG and (b) Pin = 5 Pcr = 100 PcrG.

4. Conclusion
In summary, the propagation properties of an Airy beam
in a saturated medium are studied both analytically and
numerically using a 2D NLS equation with a cubic focusing
nonlinearity and a fifth-order defocusing nonlinearity. The
analytical description of the total rms beam width of an Airy
beam in a saturated medium is obtained. The evolution and
appearance of the collapsing beams exhibits novel features

Airy beam on the collapsing beams in the neighbouring lobes
is stronger than in the major lobe of the Airy beam located at
the beam centre.
Figure 3 shows the normalized peak intensity as a function
of the propagation distance with different initial powers: (a)
4
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Figure 4. The intensity distribution of an Airy beam in a saturated medium with Pin = 10Pcr = 200PcrG for different propagation distances

(a) z = 0.15z0; (b) z = 3z0; (c) z = 6z0; (d) the normalized peak intensity as a function of the propagation distance.
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